The observed pattern of neutrino mixing angles is in good agreement with the hypothesis of neutrino anarchy, which posits that Nature has chosen the entries of the leptonic mixing matrix at random. In this paper we investigate how stable this conclusion is under renormalization group effects. Working in the simplest type-I seesaw model and two variants of the inverse seesaw model we study how the statistical distributions of the neutrino mixing parameters evolve between the Grand Unification scale and the electroweak scale. Especially in the inverse seesaw case we find significant distortions: mixing angles tend to be smaller after RG running, and the Dirac CP phase tends to be closer to zero. The p-value describing the compatibility between the observed mixing angles and the anarchy hypothesis increases by 10-20%. This illustrates that RG effects are highly relevant for quantitative studies of the anarchy scenario.
I. INTRODUCTION
The flavor structure of leptons in the Standard Model (SM) is experimentally well established, but our theoretical understanding of its origin is very poor. The simplest postulate is that there is no particular structure to the neutrino mass matrix, but that its elements are randomly chosen O(1) parameters. This scenario is called neutrino anarchy [1, 2] . While one may view the idea of nature choosing model parameters at random with some reservation, it does not seem so unnatural given that nature also chooses the outcome of quantum mechanical measurements at random. Moreover, it can be considered a valid low-energy description if the underlying UV-complete theory is sufficiently complicated [2] .
Once we accept the idea of anarchy, it can be used to derive meaningful predictions for the values of the neutrino mixing parameters. In particular, as shown in [2] , the requirement that different elements of the mass matrices are statistically independent and that their distributions are basis-independent leads uniquely to the conclusion that the lepton mixing matrix U PMNS must have a flat distribution in the Haar measure of the U (3) group. This allows one to compute pvalues for the experimentally measured mixing parameters [2] [3] [4] [5] . The original neutrino anarchy scenario [1] has been criticized in [4] on the grounds that it cannot be formulated unambiguously if mass matrices that only differ in their unphysical phases are considered identical. This viewpoint is valid if one assumes that nature does not "know" about the unphysical phases at all, i.e. that they do not appear as hidden variables in the theory. It becomes invalid if we accept the unphysical phases as equipollent with the physical ones, for instance on the grounds that they might have physical significance in an underlying UV-complete theory.
Of course the idea of anarchy is not restricted to the neutrino mass models in which it was originally proposed, but has also been applied for instance to scenarios with sterile neutrinos [6, 7] , models with extra dimensions [8] , and in the context of grand unified theories (GUTs) [9] [10] [11] . Moreover, the idea that physical parameters are drawn from a statistical distribution has received some attention in the context of the string landscape, see for instance [12, 13] .
In this paper we investigate how stable the predictions of neutrino anarchy are under the effects of renormalization group (RG) running. This is an important question given that we do not know how and at what scale the random selection of model parameters happens. It could be a feature of a grand unified theory, of quantum gravity, or it could be an outcome of the dynamics at the end of inflation. We will show that in the simplest type-I seesaw scenario, which augments the SM by three heavy right-handed neutrinos, mixing angles derived from anarchical mass matrices at a high energy scale can differ from those at experimentally testable scales by several degrees. The probability of the neutrino oscillation parameters being at their experimentally observed values under the anarchy hypothesis increases by ∼ 7% because of this. We show that this result does not depend on the statistical test we choose to make the comparison. We also investigate how our results change in extended neutrino mass models. In particular, we show that renormalization group effects become larger in inverse seesaw models.
The plan of the paper is as follows: In section II, we will review neutrino anarchy and its predictions without including renormalization group effects. Comparing these predictions to data quantitatively, we will show that results are robust with respect to the choice of statistical test. Section III contains our main results: we will investigate how the predictions of neutrino anarchy are modified when renormalization group running from the GUT breaking scale M GUT ∼ 10 16 GeV to the electroweak scale is taken into account. We will do this for the type-I seesaw scenario (section III.1), for the phenomenological inverse seesaw model (section III.2), and for a particular realization of the inverse seesaw model involving a gauged U (1) B−L symmetry (section III.3). Besides looking at the mixing angles and complex phases, we will also study the predictions that neutrino anarchy makes for the effective neutrino mass parameter probed in searches for neutrinoless double beta (0ν2β) decay. We will present our conclusions in section IV. In the appendices, we will offer details on the renormalization group equations we employ. In particular for the inverse seesaw model with U (1) B−L symmetry, these equations have, to the best of our knowledge, not been presented before.
II. NEUTRINO ANARCHY

II.1. Statistical tests
We consider first the type-I seesaw scenario, where the SM is extended by adding three righthanded singlet fermions N α R . The relevant terms in the Lagrangian are
where
are the left-handed lepton doublets (α = e, µ, τ ), e α R are the right-handed charged lepton fields, H is the SM Higgs doublet, andH = iσ 2 H * is the charge conjugate Higgs field. The Yukawa matrices Y e and Y ν are general complex 3×3 matrices, while the Majorana mass matrix M for the right-handed neutrinos is a complex symmetric 3 × 3 matrix. After electroweak symmetry breaking, the Higgs field acquires a vacuum expectation value (vev) H = (0, v/ √ 2). If the eigenvalues of M are much larger than those of m D ≡ Y ν v/ √ 2, the effective neutrino mass term at low energies becomes
with 
The anarchy hypothesis states that the entries of m D and M are randomly and independently drawn from a statistical distribution. One usually imposes the additional requirement that this distribution is the same in any basis, i.e. it is invariant under transformations of the form ν α L → U αβ ν β , N α → U αβ N β , where U and U are unitary matrices. One can show [2] that basis independence implies that the parameters of U PMNS have a flat distribution in the Haar measure [2] . If the U (3) matrix U PMNS is parameterized in terms of the three mixing angles θ 12 , θ 13 , θ 23 , the Dirac CP phase δ CP , the two Majorana CP phases φ 1 , φ 2 , and the three unphysical phases δ e , δ µ , δ τ (see for instance [14] ), the Haar measure reads
A flat distribution in the Haar measure thus means that the distributions of the parameters sin 2 θ 12 , sin 2 θ 23 , cos 4 θ 13 , δ CP , φ 1 , φ 2 , δ e , δ µ , and δ τ are flat within their physically allowed ranges [15] .
In order to obtain a Haar-flat leptonic mixing matrix, the elements Y [16] . Here, M is a dimensionful parameter that sets the overall mass scale of the right-handed neutrino. This way of generating random mass matrices will be used throughout this work. The statistical distribution of M does not follow from principles like basis independence and statistical independence of parameters, unlike the distribution of |M αβ |/M. Therefore, M must be considered an ad hoc choice, and consequently neutrino anarchy cannot make firm predictions for dimensionful quantities like the neutrino mass squared differences.
A suitable statistical test for quantifying the compatibility of the data with neutrino anarchy is the multidimensional Kolmogorov-Smirnov (KS) test [3, 5] . For a given oscillation parameter X, the test statistic
measures the maximum distance between the theoretically predicted cumulative distribution function (CDF) F (x ) of x and the experimentally determined approximation Θ(x − x 0 ) to the CDF. Since we have only one Universe to measure the neutrino oscillation parameters in, we have to contend ourselves with just one measurement x 0 , therefore the experimental approximation to the CDF is simply a Heaviside step function. In our case, X is one of the parameters appearing in the Haar measure (4), namely sin 2 θ 12 , sin 2 θ 23 or cos 4 θ 13 . Since the predicted distributions of these parameters are flat, we have F (x ) = x . Thus, the test statistic is simply given by
gives the probability that, for a randomly drawn value x of X, the test statistic D KS (x ) is larger than for the reference value x 0 , i.e. that D KS (x ) ≥ D KS (x 0 ). In other words, p KS (x 0 ) measures the probability that the parameter takes a value more "extreme" (closer to the minimum and maximum values of 0 and 1) than the reference value x 0 . Small p KS means that x 0 is an unlikely outcome of the random draw, i.e. that the data does not support the anarchy hypothesis. For testing the compatibility of the anarchy hypothesis with not only the measurement of one parameter, but with measurements of all three mixing angles, we define the probability of the data as It is, however, easy to see that the corresponding p-values p AD (x 0 ) and p CvM (x 0 ), i.e. the probabilities that a randomly drawn value x leads to a larger value for the test statistic than the reference value x 0 , are identical to the p-value for the KS test, eq. (6). Therefore, the Anderson-Darling and Cramer-von Mises tests do not provide any additional insights. In this context, let us also mention ref. [18] , which discusses a Bayesian comparison of various anarchical models to models with flavor symmetries, finding consistence with both and a slight preference for the latter. Similar conclusions have been reached also in ref. [9] . Figure 1 . (a) Contours of equal probability P KS (see eq. (7)) in the sin 2 θ 12 -sin 2 θ 23 plane. The red (blue) ellipses show the favored region from the global fit in ref. [17] at the 3σ confidence level for inverted (normal) mass ordering. The colored dots indicate the corresponding best fit points. We have fixed the third mixing angle at its best fit value, sin 2 θ 13 = 0.0218. (b) Contours of equal probability P KS in the sin 2 θ 23 -sin 2 θ 13 plane, compared to the experimentally allowed regions for both mass orderings (same coloring as in (a)). We have fixed the solar mixing angle at its best fit value, sin 2 θ 12 = 0.304.
Even though the predictions of the neutrino anarchy scenario depend on the ad hoc choice of the right-handed mass scale M, it is possible to draw non-trivial conclusions on the relations between different neutrino mass eigenvalues. A particularly interesting quantity to consider in this context is the effective Majorana mass measured in neutrinoless double beta decay,
where U ej are the elements in the first row of the leptonic mixing matrix and m j are the light mass eigenvalues. (In this paper, we always assume neutrinos to have Majorana masses, so that neutrinoless double beta decay is in principle possible.) We will therefore also discuss how neutrinoless double beta decay experiments can probe the predictions of anarchy in the future, and how these predictions are affected by renormalization group running.
III. RENORMALIZATION GROUP EVOLUTION AND ANARCHY
Like all Lagrangian parameters in a quantum field theory, the neutrino masses and mixing parameters are subject to renormalization group running. It follows that, when comparing the predicted probability distribution of a parameter to its measured value, we have to be careful to evaluate both at the same renormalization scale. In particular, neutrino oscillation measurements are typically carried out at energy scales of order MeV-GeV, while the flavor structure of a typical seesaw model depends on scales M GUT ∼ 10 16 GeV. Therefore, we will in the following repeat the analysis of neutrino anarchy, but now carefully taking into account renormalization group effects.
III.1. Type-I Seesaw Model
The first example we will study is the type-I seesaw scenario, which extends the Standard Model by three heavy gauge singlet neutrinos with Majorana masses of O(10 14 GeV), which couple to the active SM neutrinos via a Yukawa coupling [19, 20] . The Lagrangian is given by eq. (1).
The renormalization group equations for the type-I seesaw model have been studied in great detail in refs. [21] [22] [23] [24] [25] . To investigate the effect of RG evolution on neutrino anarchy in this model, we have randomly generated 10 5 sets of parameters, defined by the Yukawa matrices Y ν and the right-handed neutrino mass matrices M . We assume these randomly generated matrices to enter the Lagrangian at the high scale M GUT = 10 16 GeV. As explained in ref. [16] , to ensure basis invariance of the probability distributions and statistical independence of different mass matrix elements, the elements of
Here Y is a dimensionless parameter which we choose to be one, while M is dimensionful, and we choose M = 10 14 GeV to reproduce the correct order of magnitude for the light neutrino masses. Below we will discuss the impact of different choices for M.
For the parameters of the standard model at the high scale we have chosen a set of values offered by the REAP package [21] : 
Of course the low-scale values of the quark and charged lepton Yukawa matrices depend on the additional field content beyond the SM and on the values of the new parameters introduced. Therefore, we typically cannot reproduce the SM Yukawa couplings exactly, with deviations being of order 10%. Nevertheless, since our interest here is in the running of the neutrino masses and mixing parameters, these small deviations are negligible for our purposes.
We evolve each parameter point down to a lower scale, which we take to be M Z = 91.19 GeV. In principle, we should evolve the mixing parameters down to an even lower scale, integrating out SM particles along the way. However, as we will see, the dominant contribution to the running of the mixing parameters arises at scales M Z and thus it is justified to stop the RG evolution at M Z . The renormalization group equations for the type-I seesaw scenario have been derived in [21] , and we follow the exact same procedure. Both at M GUT and at M Z , we extract the values of the physical mixing parameters by diagonalizing the mass matrices and then following appendix A of ref. [14] . In diagonalizing m ν , we have to specify a convention for the ordering of the mass eigenvalues. We always choose them to be in ascending order (case A3 in ref. [15] ). Note that for the running of the neutrino masses, decoupling effects cannot be neglected and even the top-quark decoupling may become important [26] . However, since we are mostly interested in the running of the mixing angles and CP phases here, it is justified to neglect decoupling effects. This is especially true for the top and the Higgs because the running of the mixing parameters is negligible at their mass scale (see e.g. fig. 4 below). Type-I Seesaw orange:
Figure 2. Distributions of the three mixing angles, the Dirac CP phase δ CP and the two Majorana CP phases φ 1 and φ 2 before and after renormalization group running in the type-I seesaw model. Orange regions correspond to parameters at M GUT , blue regions to parameters at M Z . Note that the physical range for δ CP is [−180
• , 180 • ), while the physical ranges for φ 1 and φ 2 are only [0, 180 • ) [15] . We show our results in fig. 2 . In each panel, we compare the distribution of one of the mixing parameters at M GUT (orange histograms) to the distribution at M Z after RG running (blue histograms). By construction, the distributions at M GUT are flat, while at M Z , we observe a small bias towards smaller mixing angles. We show in fig. 3 the distributions of the RG-induced shifts, ∆x = x(M Z ) − x(M GUT ), where x ∈ {θ 12 , θ 13 , θ 23 , δ CP , φ 1 , φ 2 }. We have also fitted each histogram in fig. 3 to a Gaussian distribution
and we give the fitted values of x and σ(x) in the plots. We find a slight preference for the mixing angles to decrease by 1-2 • after evolving them from M GUT to M Z : the distributions of ∆θ ij all peak at small negative values. The distribution of the Dirac CP phase δ CP in fig. 2 (d) shows a slight peak at zero after running, while the distributions of the Majorana phases φ 1 and φ 2 in fig. 2 (e), (f) are flat both at M GUT and at M Z . These are of course only statements about the average behavior of a large set of random parameter pointsindividual points can lead to much larger running effects. In particular, for scenarios where at least two neutrino mass eigenvalues are very close to each other, the running of the mixing angles is known to be potentially large [21] .
Even for parameter points that exhibit significant RG running, we observe that most of the running happens at scales above the masses of the heavy singlet neutrinos. Figure 4 shows an example where the mixing angles exhibit large RG running. We observe that the running gradually diminishes as the heavy singlet neutrinos are integrated out and completely ceases below the mass of the lightest of them. This observation allows us to draw conclusions on the impact of the right-handed neutrino mass scale M on the RG evolution: For M larger (smaller) than our choice M = 10 14 GeV, the singlet neutrinos are typically heavier (lighter), so the running ceases sooner (later), and the overall shift in the parameters will be smaller (larger). We explicitly checked this behavior numerically.
The fact that the mixing angles run preferentially downwards can be understood in the following way. First, recall that the leptonic mixing matrix depends on the matrix V ν that diagonalizes m ν and on the matrix V e that diagonalizes Y 
where the dots indicate the subdominant and flavor-diagonal terms. The initial condition Y e (M GUT ) for Y e is a diagonal matrix (see eq. (14)), with its strongly hierarchical eigenvalues sorted in ascending order. The structure of eq. (16) shows that after RG running, the elements in the k-th row of Y e will change by an amount proportional to the (kk) elements of Y e (M GUT ). To proceed, it is easiest to consider a two flavor system for illustrative purposes. In this case, using the hierarchy of the elements of Y e after running, one can show that the mixing angle parameterizing V e is positive. Since U PMNS = V † e V ν , and since the mixing angle describing V ν is random in [−π, π], the mixing angle describing U PMNS is then preferentially negative. In models where the dominant term in (16) comes with a different sign, the preferred direction of the running would be reversed.
One example of such model is a type-II seesaw model [27] .
To study how RG running affects the compatibility of neutrino anarchy with the observed mixing parameters, we use again the Kolmogorov-Smirnov test. Note that the multidimensional KS test described in section II is only meaningful if the parameters in the integral eq. (7) are statistically independent and follow a flat distribution. We have checked that, even after RG running, the parameters sin 2 θ 12 , sin 2 θ 23 and cos 4 θ 13 are still nearly uncorrelated. For instance, the modulus of Pearson's correlation coefficient, x · y /( x y ) , is 0.02 for all combinations of x, y = sin 2 θ 12 , sin 2 θ 23 , cos 4 θ 13 . To obtain flat distributions, we define new parameters sin 2 θ 12 , sin 2 θ 23 and cos 4 θ 13 in the following way: we fit each of the distributions in fig. 2 (a) , (b), (c) by a cubic polynomial f (x), where x = sin 2 θ 12 , sin 2 θ 23 , cos 4 θ 13 . We normalize f (x) such that its integral over the physical range of x is 1. We then define x (x) ≡ x 0 dx f (x). Replacing the unprimed variables x in eq. (7) by the primed ones x (x), the KS test can now be applied in a meaningful way.
A further subtlety arises because the RG evolution is different for parameter points with a normal mass ordering and parameter points with an inverted mass ordering. We therefore separate our randomly generated points according to the predicted mass ordering and compute P KS,NH (P KS,IH ) in eq. (9) using only points with normal (inverted) ordering. We find that the probabilitỹ P KS of the observed parameter values, given the anarchy hypothesis, increases by ∼ 7% from 41.1% to 47.7% due to RG effects. Note that, as before,P KS is entirely dominated by parameter points with a normal mass ordering because the probability of obtaining an inverted ordering from anarchy is only at the 5% level. We show in fig. 5 the contours of equal Kolmogorov-Smirnov probability P KS,NH for parameter points with normal mass ordering before and after running.
Finally, we also comment on the running of the neutrino mass parameters, which we find to be substantial. Parameterizing their approximate evolution as dm/d log µ = −γm, we find for the anomalous dimension of the three light mass eigenvalues an average value of γ −0.027. This implies that the light neutrino masses run down by about 60% between M GUT and M Z .
We investigate in fig. 6 what neutrino anarchy with and without RG running predicts for the outcome of future neutrinoless double beta (0ν2β) decay experiments. Of course, since the scale choice M for the right-handed neutrinos is an input parameter even in the anarchy scenario, the absolute scale of m lightest and m ee can be chosen at will. In fact, the left and right panels in fig. 6 represent two different choices for M. Nonetheless, we can draw several important conclusions from fig. 6 . First, we see again that anarchy favors the normal mass ordering: there are much fewer points in panels (c) and (d) than in panels (a) and (b). In other words, if a future 0ν2β search finds a result compatible only with an inverted mass ordering, this would disfavor anarchy. Second, we see that scenarios with relatively large m ee but very small m lightest , such as the leftmost part of the inverted hierarchy band, are disfavored, as are scenarios with very small m ee but sizeable m lightest , Figure 5 . (a) Contours of equal probability P KS,NH (see eqs. (7) and (9)) in the sin 2 θ 12 -sin 2 θ 23 plane with RG effects included (dark green) and without RG effects (brown, see fig. 1 (a) ) for the type-I seesaw model. We consider only parameter points with a normal mass ordering (see text for details). The blue ellipse indicates the normal ordering favored region from the global fit in ref. [17] at the 3σ confidence level, and the blue dot is the corresponding best fit point. We have fixed the third mixing angle at its best fit value, sin 2 θ 13 = 0.0218. With RG effects included, the likelihood of the data with respect to anarchy increases from 41.1% to 47.7%. (b) Contours of equal probability P KS,NH in the sin 2 θ 23 -sin 2 θ 13 plane with and without RG effects included (same coloring as in (a)). We have fixed the solar mixing angle at its best fit value, sin 2 θ 12 = 0.304.
in particular the funnel region in the normal hierarchy case. Finally, also a quasi-degenerate mass spectrum is disfavored by the anarchy hypothesis. If a combination of 0ν2β experiments, cosmology and direct neutrino mass measurements should point to one of these disfavored regions in the future, the anarchy hypothesis would come under pressure.
III.2. Inverse Seesaw Model
As a second example, we consider the inverse seesaw scenario [32, 33] , in which the SM Lagrangian is extended by
where two types of new gauge singlet Weyl fermions are introduced: n N generations of N R fields, which participate directly in the Yukawa couplings, and n S generations of S fields. Possible completions of the model that explain this structure for the Lagrangian are given in [34] [35] [36] [37] . After electroweak symmetry breaking, the neutrino mass term becomes: Figure 6 . Colored dots: predictions for the effective mass |m ee | measured in neutrinoless double beta decay from the neutrino anarchy scenario in the type-I seesaw model. The mass scale of the right-handed neutrinos was set to M = 10 14 GeV in the left panels, and to M = 10 15 GeV in the right panels. Among the randomly generated parameter points, we distinguish those resulting in a normal neutrino mass ordering (upper panels) and those resulting in an inverted ordering (lower panels). Pink points show the distributions at M GUT , while green points show the shifted distributions after renormalization group evolution to M Z . The colored bands show the allowed regions in the m lightest -|m ee | plane from the global experimental data on the neutrino mass squared differences and mixing angles. Dashed lines correspond to varying only the unknown phases in U PMNS , while solid lines also include the uncertainties in the mixing angles. Note that, to be true to the spirit of anarchy, we do not impose any constraints on our randomly generated points, therefore a sizeable portion of them fall into regions already excluded by experiment. Gray regions are exclusion limits from cosmology [28] and from experimental searches for neutrinoless double beta decay [29] [30] [31] . Figure 7 . Distributions of the mixing angles and physical CP phases before and after renormalization group running in the inverse seesaw model. The orange regions correspond to the parameters at M GUT , the blue regions to the parameters at M Z . As for the type-I seesaw model, the distributions of the Majorana CP phases are unaffected by RG evolution. For the mixing angles and the Dirac CP phase, the running is much stronger than in the type-I seesaw case.
For the effective Majorana mass matrix of the light active neutrinos we then obtain:
The correct neutrino mass eigenvalues
The model has the additional virtue that, if the number of generations of S is larger than the number of generations of N R , O(keV) sterile mass eigenstates are obtained [38] , which could act as the dark matter in the Universe. (If also N R has a Majorana mass term, the condition n S > n N can be avoided, see e.g. ref. [39] .) The RG equations for the inverse seesaw model are given in appendix A. They agree with the ones given in [40] .
Carrying out an RG analysis on a random sample of 10 5 mass matrices of the form of eq. (18), defined at M GUT and evolved down to M Z , we obtain the results shown in figs. 7 and 8. The shifts in the mixing angles show the same characteristics as in the type-I seesaw model discussed in the previous section. In particular, mixing angles are preferentially shifted to smaller values, and δ CP is preferentially close to zero. The average magnitude of the shifts is, however, larger than in the type-I seesaw case: of order 4 • for θ 12 and θ 23 , and of order 5.5 • for θ 13 . Also the widths of the distributions in fig. 8 are several times larger than they were for the type-I seesaw model (see fig. 3 ). The average anomalous dimension describing the running of the light neutrino masses is -0.037 in the inverse seesaw scenario, corresponding to a 70% decrease of the mass eigenvalues between M GUT and M Z .
To see how RG effects influence the consistency of the neutrino oscillation data with the predictions of anarchy, we compare in fig. 9 the equiprobability contours with and without RG running in the inverse seesaw model. To produce this plot, we follow the same procedure as for the type-I seesaw model (see section III.1). We exploit again the fact that the mixing parameters are still nearly uncorrelated after RG evolution, even though the absolute values of the correlation coefficients are now somewhat larger, ∼ 0.07 now. We find that RG effects change the compatibility of Figure 9 . (a) Contours of equal probability P KS,NH (see eqs. (7) and (9)) in the sin 2 θ 12 -sin 2 θ 23 plane with RG effects included (dark green) and without RG effects (brown,see fig. 1 ) for the inverse seesaw model. We consider only parameter points with a normal mass ordering (see text in section III.1 for details). The blue ellipses denote the favored parameter region from the global fit in ref. [17] at the 3σ confidence level, and the blue dot is the corresponding best fit point. We have fixed the third mixing angle at its best fit value, sin 2 θ 13 = 0.0218. With RG effects included, the likelihood of the data with respect to the anarchy hypothesis increases from 41.1% to 59.3%. (b) Contours of equal probability P KS,NH in the sin 2 θ 23 -sin 2 θ 13 plane with and without RG effects included (same coloring as in (a)). The solar mixing angle is fixed at its best fit value, sin 2 θ 12 = 0.304. the anarchy hypothesis with the data substantially:P KS increases from 41.1% without RG effects to 59.3% with RG running included.
III.3. Inverse Seesaw model with gauged U (1) B−L
As an example for a specific realization of the inverse seesaw mechanism, we consider an extension of the SM where the difference of baryon number and lepton number, B − L, is gauged [41] . The corresponding gauge boson Z is assumed to have a mass of order 100 TeV generated by the vacuum expectation value (vev) of a new scalar χ with quantum numbers (1, 1, 0 
The fermionic field content of the model is the same as in the phenomenological inverse seesaw model discussed in section III.2 (n N singlets N R , n S singlets S), but the fermions now carry B − L charge: the N R have B − L charge Q B−L = −1, while the S have Q B−L = +2. To ensure anomaly cancellation, it is necessary to supplement the model by n S extra Weyl fermions S with B − L charge −2. 1 For simplicity, we assume that couplings of S to other fields (except the U (1) B−L gauge boson) are forbidden by a new discrete symmetry. We will here remain agnostic with regard to the details of this symmetry and simply ignore S in our subsequent discussion. The quantum numbers of the new particles in the inverse seesaw model with gauged B − L are summarized in table I.
The Lagrangian reads [41] 
Note that the last term in the second row is dimension 7 and is therefore suppressed by three powers of a cutoff scale Λ. 2 We have not written down other higher-dimensional operators here since they are not relevant to the phenomenology we are interested in.
1 The cancellation of the triangular gauge anomaly requires that
, where ψL and ψR represent left-handed and right-handed fields, respectively. 2 A realization of this term in a renormalizable model requires additional fields. As a proof of principle, we could add a Majorana fermion N R and a real scalar ρ, both of which are total singlets under the SM gauge group and under U (1)B−L, plus a complex scalar η with B − L charge −2. If N R , ρ and η are charged under a new Z2 symmetry under which all other fields are even, the operator S c χ 4 S/Λ 3 is generated through the following diagram: [42] .
Since our main goal in this section is only to explore whether a UV completion of the inverse seesaw model leads to qualitatively different RG effects, we make several simplifying assumptions in our RG analysis. First, to avoid having to deal with the multitude of different effective theories that can arise depending on where B −L is broken relative to the masses of the heavy O(TeV) neutrinos, we always fix the U (1) B−L breaking scale at f B−L = 100 TeV, well above the heavy neutrino masses. Moreover, we assume for simplicity that the B − L breaking scale f B−L , the vev χ , and the mass m χ of χ are identical, so that we do not need to consider running between these scales. We choose the numerical value of g B−L such that it unifies to the extent possible at the GUT scale with the SM gauge couplings, see fig. 10 . We find that a reasonable choice is g B−L = 0.58 at the GUT scale. By demanding that the running Z mass parameter M Z (µ) ≡ √ 2g B−L (µ) χ equals the scale µ, we find the threshold mass M Z ≈ 39 TeV. Since this is sufficiently close to f B−L = 100 TeV on a log scale, we integrate out χ and Z simultaneously. As a further simplification, we ignore renormalization group effects on the quadratic terms in the scalar potential, and consequently the scale dependence of the scalar vevs. Since the scalar quartic couplings do not affect the flavor structure, their only influence on the neutrino mixing parameter can be indirect, by changing the various mass scales of the theory. Finally, we neglect kinetic mixing between the Z and the standard model hypercharge gauge boson B, which would be allowed by the symmetries. Kinetic mixing is in general absent at the grand unification scale, where we assume that U (1) B−L emerges from a larger, non-Abelian gauge group. Even though kinetic mixing does get induced in the renormalization group evolution to lower scales at one loop level, its effect on other running parameters is suppressed by two loop factors and therefore negligible compared to other parameters appearing in the RG equations. In the same spirit we will also assume the Higgs portal coupling λ 2 to be strongly suppressed. Figure 11 . Distributions of the mixing angles and physical CP phases before and after renormalization group running in the inverse seesaw model with gauged B − L. The orange regions correspond to the parameters at M GUT ,h scale, the blue regions to the parameters at M Z . We find that the distributions are practically identical to those in the phenomenological inverse seesaw model from section III.2, see fig. 7 .
With these simplifications, the effective theory valid at scales µ < f B−L is simply the one discussed in section III.2. We thus only need to evolve the parameters of the full model from M GUT to f B−L and then feed them into the previously discussed evolution equations for the phenomenological inverse seesaw model from section III.2. The renormalization group equations for the inverse seesaw model with gauged B − L are given in appendix B. While their form is independent of the number of generations of singlet fields we introduce, we choose to invoke three N R fields and four S fields, yielding one O(keV) mass-eigenstate as a possible DM candidate.
Proceeding as we did in sections III.1 and III.2, we investigate how the statistical distributions of the neutrino mixing parameters change due to RG effects in the inverse seesaw model with gauged B − L. We generate 10 5 parameter sets at M GUT and evolve them down to M Z . In fig. 11 we show the distributions of the mixing parameters before and after running, and in fig. 12 we plot the distributions of the RG-induced shifts ∆x. We find that these distributions are practically identical to those in the phenomenological inverse seesaw model without gauged B − L number. Consequently, also the value ofP KS describing the compatibility of the data with anarchy is similar: 60.4%, compared to 59.3% in the phenomenological model. The running of the light neutrino masses is somewhat larger than in the phenomenological model, though: the average anomalous dimensions is -0.051, corresponding to a decrease of the mass eigenvalues by 80%.
IV. SUMMARY AND CONCLUSIONS
In summary, we have studied how renormalization group effects alter the predictions of neutrino anarchy. We have found that the mixing angles at M Z are on average several degrees smaller than at M GUT , and that the statistical distribution of the Dirac CP phase δ CP after RG running peaks at zero. The Kolmogorov-Smirnov p-value describing the compatibility of the observed mixing angles with the anarchy hypothesis thus increases from 41.1% without RG running to 47.7% with RG running in the type-I seesaw model, to 59.3% with RG running in the phenomenological inverse seesaw model, and to 60.4% with RG running in the inverse seesaw model with gauged B − L. Our results thus strengthen the claim that anarchy offers a good description of neutrino oscillation data, and they demonstrate that RG effects are crucial and need to be taken into account when deriving quantitative predictions in the anarchy scenario.
Structure of the mass matrix
We start from the mass matrix of the inverse seesaw model, eq. (18), which we repeat here:
For 3 generations of active neutrinos, n N generations of heavy N R fields, and n S generations of S fields, Y ν is an n N × 3 matrix, M D is an n S × n N matrix, and m s is an n S × n S matrix. We assume Y ν ∼ O(1), M D ∼ TeV and m s ∼ keV. We moreover assume n S > n N so that M ν has at least one O(keV) eigenvalue, providing a dark matter candidate.
For the RG analysis, it is more convenient to work with a matrix which has diagonal elements much larger than the off-diagonal ones. Moreover, it is convenient to group the elements of this matrix by their typical scale. We therefore apply a unitary transformation V to M ν to bring it to the formM
V is chosen such that M N m D , m s ∼ keV and Ŷ ν ∼ Y ν Ỹ ν . Thus, M N is a 2n N × 2n N matrix with eigenvalues of order TeV andm s is an (n S − n N ) × (n S − n N ) matrix.
To construct V explicitly, we first consider the unitary n S × n S matrix u L and the unitary n N × n N matrix u R which diagonalize M D according to
Here M diag D means the diagonal matrix of eigenvalues, ordered in descending order. From u L and u R , we construct
Then, the transformation
will diagonalize the M D blocks in m ν , putting the largest mass eigenvalues on top. After this, we perform a rotation by π/4 in the singlet block, given by: Table II . Dimensions of the submatrices forming the mass matrices M ν andM ν in the inverse seesaw model (see eqs. (A1) and (A2)). In the last column, we indicate the typical mass scale of the matrices in the rotated basis, eq. (A2).
is the n × n identity matrix (multiplied by 1/ √ 2), padded with zeroes to turn it into an n × m matrix. After applying the full rotation
to M ν , we obtainM ν in the form given in eq. (A2). We summarize the dimensions and the mass scales for the different blocks of M ν andM ν in table II. The 2n N × 2n N matrix M N has n N pairs of eigenvalues that differ only by ∆M ∼ O(keV), much less than the absolute scale of the eigenvalues of order TeV. The eigenstates in each pair couple to the active neutrinos via Yukawa couplings that are equal (up to a factor of i). Their contributions to the light neutrino masses therefore cancel up to terms of order ∆M/ M N . This explains the smallness of the active neutrino masses despite the fact thatŶ ν is O(1) and M N is O(TeV). Another small contribution to the active neutrino masses comes from the O(keV) mass eigenstate mixing with the active fields through the strongly suppressedỸ ν . We can also understand why M ν has n S − n N eigenvalues of order keV: the off-diagonal elements in the last n S − n N rows and columns of X are zero and thus we get n S − n N keV states that do not mix with the N R or ν L fields.
Beta functions for the inverse seesaw model
We derive the RG equation for the mass matrixM ν given in eq. (A2) by using the fact thatM ν has exactly the same structure as the mass matrix of a type-I seesaw model.
Whenever the renormalization scale µ crosses the mass scale of one of the heavy sterile neutrinos as it is evolved from M GUT to M Z , the corresponding row and column is removed from the mass matrixM ν . Moreover the remaining rows and columns are modified to include the effect of integrating out one neutrino state. This in particular implies that the upper 3 × 3 block ofM ν , which is zero initially, becomes a nonzero matrix κ. (We follow the notation of ref. [21] here.) If we did run down to sub-keV scales and integrated out all sterile states, κ would eventually coincide with m ν = 
of all parameters in the scalar sector other than the quartic Higgs coupling. The running of these couplings influences the evolution of the mixing parameters only indirectly by modifying the U (1) B−L breaking scale.
Where possible, we have checked that we reproduce the applicable terms in the renormalization group equations presented in ref. [45] for a U (1) B−L extension of the SM with three right-handed neutrinos, but without an inverse seesaw mechanism.
